Abstract. We study in this article topological structure of divergence-free vector fields on general two-dimensional manifolds. We introduce a new concept called block structural stability (or block stability for simplicity) and prove that the block stable divergence-free vector fields form a dense and open set. Furthermore, we show that a block stable divergence-free vector field, which we call a basic vector field, is fully characterized by a nice and simple structure, which we call block structure. The results and ideas presented in this article have been applied to studies on structure and its evolutions of the solutions of the Navier-Stokes equations; see [4, 9, 10] .
1.
Introduction. This article is part of a research program initiated recently by the authors to develop a geometric theory of two-dimensional (2-D) incompressible fluid flows in the physical spaces. Our main philosophy is to classify the topological structure and its transitions of the instantaneous velocity field, treating the time variable as a parameter. This leads to studies in two inter-related areas: 1) the study of the structure and its transitions/evolutions of divergence-free vector fields, and 2) the study of the structure and its transitions of velocity fields for 2-D incompressible fluid flows governed by the Navier-Stokes equations or the Euler equations.
The study in Area 1) is more kinematic in nature, and the results and methods developed can naturally be applied to other problems of mathematical physics involving divergence-free vector fields; see [4, 7] . The main topics in this area include structural classification, structural stability, and structural bifurcation, as well as their applications to fluid dynamics and to geophysical fluid dynamics. In comparison with classical theory on structural stability, the study in Area 1) focuses on divergence-free vector fields. In particular, we are interested in the structural stability of a divergence-free vector field with divergence-free vector field perturbations. Notice that the divergence-free condition changes completely the general features of structurally stable fields as compared to the situation when this condition is not present. The latter case was studied in a classical paper of M. Peixoto [12] . For example, the necessary and sufficient conditions for divergence-free vector fields obtained in [6, 7] are: (1) v is regular; (2) all interior saddle points of v are self-connected; and (3) each boundary saddle point is connected to boundary saddles on the same connected component of the boundary.
The above structural stability result was obtained for flows a submanifold of S 2 . For incompressible flows defined on 2D tori or on nonzero genus 2D manifolds, one can show that no divergence-free vector fields in structurally stable with divergencefree vector fields perturbations.
The main objective of this article is to study the dynamics of divergence-free vector fields on general two-dimensional compact manifolds. To go beyond the instability result as just mentioned, we introduce in this article two new concepts: block structure and block stability. We call a divergence-free vector field a basic vector field if its phase diagram has a block structure. Namely, the phase diagram is decomposed into a finite number of flow-invariant retractable blocks and ergodic sets such that the restrictions of the vector field on the retractable blocks are selfconnected. We prove that (i). all basic vector fields form an open and dense set of all divergence-free vector fields, (ii). the block structure is stable, (iii). the flow is either periodic or non-trivially recurrent on the ergodic sets, and (iv). the structural instability is due completely to the ergodicity and/or periodicity on the ergodic sets. The block structure and stability result will be used in this article; see discussions hereafter.
The results and ideas presented in this article can be applied to study the structure and its evolution of the solutions of the Navier-Stokes equations. One application is to study the periodic periodic structure and its evolutions of the solutions of the 2D Navier-Stokes equations with periodic conditions; see [11] . For this purpose, the solution can be considered as functions on a the 2D torus T 2 = R 2 /(2πZ) 2 , and the structural classification is made using the block structure as mentioned before. In particular, the structure of the solutions of the Navier-Stokes equations forced either by eigenmodes or by potential forcing is classified. The study in both cases are important for the study of turbulence. The case where the system is forced by eigenmodes corresponds to the Kolmogorov flow, which provides an important prototype model to study stability and transitions of different flow regimes. The case with potential forcing corresponds in particular to the selective decay principle in turbulence theory.
Another example in this area is the structure (e.g. rolls) in the physical space in the Rayleigh-Bénard convection, using the structural stability theorem developed in Area 1) together with application of a dynamic bifurcation theory developed by the authors to the Boussinesq equations; see [9] .
We end the Introduction by pointing out that in fluid dynamics context, the study in Area 2) involves specific connections between the solutions of the NavierStokes or the Euler equations and flow structure in the physical space. In other words, this area of research links the kinematics to the dynamics of fluid flows. This is unquestionably an important and difficult problem. Progresses have been made in several directions. First, a new rigorous characterization of boundary layer separations for 2D viscous incompressible flows is developed recently by the authors, in collaboration in part with Michale Ghil [2, 3, 6, 8, 1] . As we know, boundary layer separations problem is a long standing problem in fluid mechanics going back to the pioneering work of L. Prandtl [13] in 1904. Basically, in the boundary layer, the shear flow can detach/separate from the boundary, generating bubbles and leading to more complicated turbulent behavior. It is important to characterize the separation. It is clear now that the new dynamical systems theory developed provides a natural tool for the rigorous study.
This article is organized as follows. Section 2 introduces and proves some basic lemmas. The main theorems are given in Section 3, and proved in Section 4.
2. Some basic lemmas. Let M be a two-dimensional C r (r ≥ 1) compact manifold. For simplicity, we restrict our study in this article to manifolds without boundary. Let C r (T M ) be the space of all C r vector fields on M . A vector field v ∈ C r (T M ) is called regular if all singular points of v are non-degenerate. We set
where div is the divergence operator on M . We first recall a global classification theorem. 1. circle cells and circle bands, 2. ergodic sets, and 3. saddle connections.
Next, we introduce a special tubular incompressible vector field, which will be used to break saddle connections in the proof of the theorems hereafter. 
where C i , B j and N k are circle cells, circle bands and connected components of saddle connections, respectively.
and only if i). v is regular, ii)
. each interior saddle of v is self-connected, and iii). each boundary saddle point is connected to saddles points on the same connected component of the boundary of M .
is the set of all structurally stable divergence-free vector fields.
For completeness, we now introduce two genericity lemmas.
This lemma is proved by C. Robinson [14] using local Hamiltonian. [7] ). Therefore, the set of structurally stable divergence-free vector fields with divergence-free vector fields perturbations form an open and dense set. For general 2-manifolds, however, D
, and p 1 , p 2 ∈ M be two saddle points of v, which are connected as shown in Figure 1 .
Let S 1 and S 2 be two concentric circles with the same center p 1 , let B h be an annulus with width h > 0 and with ∂B h = S 1 ∪ S 2 , and let r be the radius of S 2 (see Figure 1 ). Assume that r and h be sufficiently small, and let w be a tubular incompressible vector field in B h .
Obviously the vector fields v + w and v have the same saddle points. It suffices then to prove that for almost all > 0 sufficiently small the saddle point p 1 of v + w is self-connected.
As shown in Figure 1 , the trajectories born from p 1 intersect with S 1 at a 1 and b 1 . Under the perturbation w, the trajectories p 1 a 1 and p 1 b 1 will travel through B h to a 2 and b 2 respectively. The trajectory γ 1 of v intersects with S 2 at c 1 . Under the perturbation w, γ 1 travels through B h to c 2 . The orbit Φ(c 2 , t) of v from c 2 will intersect S 1 at c 3 , then travels through B h to c 4 .
It is easy to see that for almost all points x ∈ S 2 , the orbits Φ(x, t) of v will not connect to the orbits γ 1 and γ 2 of v. Hence if for any > 0 sufficiently small, the point c 4 on the trajectory c 1 c 2 c 3 c 4 of v + w lies on the trajectory of v connecting to p 1 and p 2 , then for almost all > 0 sufficiently small, the trajectories of v + w connected to p 1 will be either self-connected or ergodic, i.e. p 1 is self-connected. We now show that for any > 0 sufficiently small, the point c 4 will lie in the trajectory of v connecting to p 1 and p 2 . In fact, the question can be equally stated as follows.
Let v 0 be an incompressible vector field defined in a local tubular region D, and v 0 = 0 in D, and let B be a U -tubular region with B∩D = ∅, w be an incompressible vector field in B defined as in Lemma 1; see Figure 2 .
A trajectory γ of v 0 in D, under the perturbation w, will travel from point a through B twice to b. We need to prove that the point b lies on the trajectory γ.
We extend the region D to an annulus A, and extend the vector field v 0 to a C obvious, which is equivalent to finding an incompressible vector field u in A−D such that u| ∂(A−D) equals to a given boundary condition. Let L be an arc transversal to v 0 (see Figure 2) . By the Poincaré-Bendixon Theorem for incompressible flows in [7] , the set {x ∈ L| the orbit Φ(x, t) of v in A is closed} is open and dense in L. Without loss of generality, we assume that the orbits of v in A are closed. As in the proof of Lemma 4.3 in [7] , it is easy to see that if b does not lie on the trajectory γ, then there is a limit cycle of v + w in A for = 0 sufficiently small, a contradiction to v + w being area-preserving.
The proof is complete.
3. Main Theorems. Let N be a two-dimensional compact manifold with boundary. It is well known that the genus of N is defined by
where χ(N ) is the Euler characteristics of N , and r is the connected component number of ∂N . Obviously, the manifold N must be homeomorphic to a sub-manifold N of M , where M is a compact manifold without boundary with genus g(M ) = g(N ), such that each connected component of ∂ N is retractable to a point in M . Let M be a two-dimensional compact orient-able manifold with genus g ≥ 1. We now introduce a new class of divergence-free vector fields, called basic vector fields on M , which are those having the block structure. 
with Ω 
, where g(Ω j ) is the genus of Ω j . A few remarks are now in order.
Remark 3. By Definition 3.1, Ω j ∩ Ω = ∅ for j = , which implies that
Hence, each connected component of ∂Ω j is a self connection to a unique saddle point, and is homological to zero. is a minimal invariant set of nonzero measure.
Remark 5. When M is non-orientable, the block stability problem is much more complicated. The reason is that if M is orientable and M has no invariant closed curve which is homological to zero in H 1 (M ), then under a perturbation M can become an ergodic set, but if M is non-orientable we don't know if the property still holds for g(M ) ≥ 4.
We now consider a special case where M = T 2 is a torus. In this case, since g(Ω j ) ≥ 1, there is only one such Ω exists. By Theorem 5.1 in [5] , Ω does not contain interior singular points of v. Hence the above block structure and block stability can be simplified as follows; see Figure 3 . 
D r B (T M ) is open and dense in
Proof of the Main Theorems.
We proceed in a few steps as follows.
Step 1 If the saddle self-connection Γ k does not break under the perturbation of w, then it is easy as in the proof of Lemma 4.5 in [7] to see that the saddle point q k of v + w remains to have a self-connection orbit Γ k homological to zero. Therefore, the perturbed vector field v + w has a decomposition of invariant
Now we prove that the invariant open sets
with Ω q k Figure 5 .
Step 2. Notice that A i ⊂ S 2 and v| A i is a self-connection. Theorem 4.5 in [7] yields that under a perturbation of D r (T N ) a self-connection vector field on a sub-manifold N ⊂ S 2 remains to be a self-connection vector field. Therefore the restriction of v + w vector field on A is an invariant closed set of v n with lim n→∞ Ω (n) = Ω. As in the proof of Lemma 4.5 in [7] , we can show that there exists an invariant closed curve L ⊂ Ω of v such that lim n→∞ L (n) = L. We notice that a closed curve Γ ⊂ M is homological to zero if and only if Γ consists of boundaries of
From this property, we deduce that the closed curves homological to zero must converge to a closed curve homological to zero. Therefore L ⊂ Ω is a closed curve homological to zero, a contradiction to
Step 4 Hereafter we introduce a general procedure to approximate v arbitrarily by v 1 such that all corresponding Ω (1) j contain no circle bands, and, therefore, are ergodic sets. Namely, we will break the circle bandsB i with arbitrarily small perturbations of v.
To this end, we first introduce a general procedure to construct a tubular flow associated with each circle band, which will be used to break the circle band.
Construction of tubular flows:
1. For each such circle band, say B for simplicity, the invariant closed orbits of v in B are not homological to zero. Hence there is a simple closed curve Γ ⊂ Ω such that Γ transversally intersects with each invariant cycle inB at exactly one point. 2. We take a tubular domain T with width r > 0 sufficiently small and ∂T = Γ +Γ. Furthermore let w be a tubular vector field w on T defined as in Lemma 1. Then for any λ = 0, the flows of v + λw will enter into B from one boundary component of ∂B, and will leave B from the other boundary component of ∂B; see Figure 6 . 3. Then we can construct a simple closed curve L as shown in Figure 7 such that L is transversal to v + λw. Furthermore we take a collar neighborhood C with ∂C = L +L such that the width h > 0 is sufficiently small andL is transversal to v + λw. Notice that the original circle band B has a self-connection γ of the saddle point p as one component of its boundary. With the perturbation of λw, this orbit becomes σ in Figure 7 , which intersects with L transversally at exactly one point. With the above procedure, two situations could happen near the orbit σ for the new vector properties of L 1 and C 1 obtained previously because of the transversality. Repeating this procedure finite number of times (at most twice of the number of saddle points in Ω), we obtain that for any > 0 sufficiently small, there is a vector field u ∈ D r (T M ) with v − u < verifying the following properties: 
on L as follows. Let x ∈ L and Φ(x, t) be the orbit of u + λw with Φ(x, 0) = x. By definition, the orbit Φ(x, t) starting from x ∈ L crosses Ω − B and intersects with L at y, under the action of the vector field λw, the orbit Φ(x, t) from y crosses T and intersects with L atx, then we define that f λ (x) =x; see Figure 8 . Let Γ i be the orbits of u whose ω-limits are saddles of u. Since the number of saddle points of u is finite, there are only finite number of such orbits, denoted by
We can see that for each λ ∈ (−1, 1) the map (3) is continuous except at the finite number of points x i . In fact, the orbit Γ i after x i ends at a saddle point p (see Figure 8) , and the orbit on the left side of Γ i travel near (along) Σ j , the orbit on the right side of Γ i will travel near (along) Σ i . Then we set f λ (x i ) = the point which is the intersection of i with L; see Figure 8 above. With such definition, f λ (x) is a right continuous function on L.
We define a function g :
where f λ (x) is as (3) and ρ(x, y) is the arc length from x to y on L along the direction of the flow of w. It is easy to see that the finite number of discontinuous points
are independent of λ, and for any
is an increasing continuous function on λ ∈ (−1, 1) when the vector field w is taken sufficiently small. Furthermore, g(x, λ) is also right continuous at x i ∈ L.
Taking an arbitrary continuous point x 0 ∈ L of f λ , we define a sequence of real numbers:
Obviously, the orbit Φ(x 0 , t) of u + λw, with ω limit being not a saddle point, is closed if and only if there is an integer m ≥ 1 such that
We now show that for each m ≥ 1, there are only finite real number λ ∈ (−1, 1) such that (4) holds true.
Let λ 0 ∈ (−1, 1) be a real number satisfying (4), namely there is an integer m ≥ 1 such that Obviously, the connected component number r of ∂(Ω j1 #Ω j2 ) equals to r j1 +r j2 −2. On the other hand, it is well known that χ(Ω j1 #Ω j2 ) = χ(Ω j1 ) + χ(Ω j2 ). Therefore (5) follows from (6).
Step 6. We have proved in Step 3 above that D Obviously, we can take a simple closed curve L that transversally intersects with each closed orbit in B 2 and B 3 at exactly one point. We take the tubular domain T and vector field w defined as in Lemma 2.1, then for any λ = 0 sufficiently small, the saddle point p of v on Γ is also a saddle point of v + λw and the saddle self-connection Γ of v + λw at p is homeomorphic to S 1 ; see Figure 10 . The invariant set Ω which approximates Ω as λ → 0 has no interior invariant closed curves homological to zero. The procedure shows that v can be approximated by basic vector fields.
The proof of the main theorem, Theorem 1, is complete.
